Revisiting the enumeration of all models of a Boolean 2-CNF 



Marcel Wild 



Abstract Results of Feder (output-linear enumeration of all models) and to lesser ex- 
tent Aspvall-Plass-Tarjan (the validity problem of quantified 2-CNF's) are improved 
upon. 



1 Introduction 

Consider a Boolean conjunction = i/^ixi, ■ ■ ■ ,Xn) of 2-clauses (= disjunction of two literals), 
henceforth abbreviated as 2-CNF. It is known at least since 1971 (Cook) that the satisfiability of 
tp (the 2SAT problem) can be settled in polynomial time. But it seems that [APS] were the first 
to associate with ip an implication digraph D[ip) such that some elegant property of its strong 
components (labelled 3(i) in the present article) is necessary and sufficient for the satisfiability 
of ip. While the necessity of 3(i) is obvious, its sufficiency is not. We shall review the argument 
along the way (using other terminology). 

The satisfaction of 3(i) allows one to construct a poset {W,<) associated to -D(V') that carries 
an involution a. The models of ^p correspond bijectively to the bisections of W, i.e. to its 
filter-ideal partitions {X, Y) with a{X) = Y (Section 2). Our algorithm in Section 3 enumerates 
all N bisections in output-linear time 0{Nn + n^). To the author's best knowledge the only 
previous algorithm to enumerate all models is outlined in [F] . It is formulated in the framework 
of network theory and is more intricate than our simple algorithm. Section 4 ties up some loose 
ends, such as the output-polynomial enumerability of all minimum vertex covers for a special 
class of graphs. Section 5 addresses quantified Boolean 2-CNF's a, and gives a neat proof of why 
the clearly necessary conditions for the truth of a stated in [APT] are indeed sufficient (more 
sophisticated arguments were known previously). All considered structures are assumed to be 
finite. 



2 On strong components and involution posets 

To fix ideas, let n = 7 and consider 

(1) ■= {^1 V ^3) A {xi V X4) A (0:4 V Xs) A {x2 V ^4) A (^3 V X5) 

A{xi V X5) A {xi V xq) a {x5 V X7) A {xq V xy) A {x2 V xe) 



Each clause of ^' being equivalent to the conjunction of two implications, e.g. 

Xl^Xs = {xi X3) A {X3 Xi), 

it is reasonable to consider the arising implication digraph D{tp') on the vertex set V{tp') = 
{xi, • • • XT, xi, - ■ ■ X7} of all positive or negative literals: 



Figure 1 




In the sequel ip' always refers to the 2-CNF formula in (1) wheras ■0 is a general 2-CNF formula. 
We write u — > v (long arrow) if there is a directed path from u to v in D{ip); for instance 
X3 — > xq and (whence) xq — > X3 in Figure 1. Also (say) X3 < — > xi signifies that both 
X3 — > xi and xi — > X3 take place. Suppose that for a 2-CNF formula ijj we consider a truth 
value (t.v.) assignment / : V{tp) — s- {0, 1}. It is clear and also stated in [APT, p. 122] that / is 
a model of ip (= satisfying t.v. assignment) if and only if : 

2(i) For all i, vertices Xi and Xi receive complementary truth values /(xj) 7^ /(xj). 

2(ii) No edge y ^ z has f{y) = 1 and f{z) = (equivalently: each directed path u — > v with 
f{u) = 1 has f{v) = 1) 

Calling two vertices equivalent if they occur in a common directed cycle yields an equivalence 
relation whose classes are the strong components (SC) of the digraph [T]. By 2(ii) vertices of 
D{ip) in the same SC are assigned the same truth value in any model of ■0, and so the following 
condition is necessary for a 2-CNF formula = ipixi, • • • , Xn) to be satisfiable: 
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3(i) [APT] Each strong component of D{ip) contains at most one of Xi and Xi {1 < i < n). 
(As to the notation 3(i), it hnks to 3(ii) and 3(iii) in Section 3.) 

Let W = W{tp) be the condensation of D{tp), i.e. the poset of strong components c of D{tp), 
partially ordered in the usual way. Hence c < cq if and only if u — > v for all literals u G c and 
V £ Cq. In our case, W = W{iIj') is depicted in Figure 2. 



Figure 2 




Here the only non-singleton SCs are {xi, x^, x^} (which we write as [xi] = [x^] = [X4]) and 
dually {xi,X3,X4} = [xi]. Because generally for all z,zq G V{ip) one has 

[z] = [zo] <^ Z i > Zo <^ Z < > ZQ <^ [z] = [zo], 

it is well defined to put [z] := [z]. Accordingly a(c) := c yields a self-inverse map a : W ^ W 
which in fact is an anti-automorphism of (VF, <) because 

[z] < [zo] <^ z > Zo 44> Zq — >z [zq] < [z]. 

Any poset endowed with a self-inverse anti-automorphism is called involution poset. As seen, 
each model / : F(^) — )■ {0, 1} of ip lifts to a map g : W{'4') — )■ {0, 1} defined by g{[u]) := f{u). 
What's more, 
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(a) X --{ce W{tP) : g{c) = 1} is a filter of {W, <) 



in the usual sense that c & X, c < d jointly imply d & X (because of 2(ii)). Dually 
(a') Y = W\X = {ce Witp) : g{c) = 0} is an ideal of {W, <) 

in that c ^ d < c jointly imply d & Y . Furthermore in view of 2(i) it holds that X and Y are 
related in a very special way: 

(6) a{X) = Y. 

Call any map g : W{'iIj) — ^ {0, 1} a bisection of {W{ip), <) if it satisfies (a), (a') (6). (Sometimes 
we use the notation {X, Y) instead of g.) One has the following: 

(4) Among all maps V{ip) — > {0, 1} satisfying 2(i), the models f oi i/j bijectively correspond 
to the bisections g of (VF(V'), <)• 

As to proving of (4), wc just saw that models yield bisections. Conversely it is fairly clear that 
each bisection g yields a model since there aren't any directed paths from 1 to 0. In detail, the 
map f{z) := g{[z]) satisfies 2(i) because of (b). Fix an arbitrary directed edge y — >■ z in D{ip). 
If f{y) = then y — > z is true independent of f{z). So let /(y) = g{[y\) = 1. From (a) and 
[y] < [z] follows f{z) = g{[z]) = 1, and so y ^ z is true. Hence / is a model of tp. 

But are there bisections {X,Y) of W(V') at all? Yes, according to [APT, p. 122] the following 
procedure yields one: Keep picking any maximal elements c from the shrinking poset VF(^) (this 

is known as shelling) as follows. Starting with X = Y = (f), add c to X , and in parallel c to y, 
until W{^) is exhausted. This works because whenever a new c yields a larger X, it cannot be 
that c G X. Indeed, c = c is impossible by 2(i), and c G X \ {c} entails that c = c was previously 
assigned to Y, which is not the case. In the end X is a filter (by the shelling procedure), whence 
its complement Y is an ideal, and a{X) = y by construction. To fix ideas, here are two ways 
to shell (■)/'') from above, leading to bisections (Xi,Yi) and (^2,12) respectively: 

[a:;2], [xr], [0:5], [xi], [xe] G Xi [^2], [xt], [X5], [xi], [xe] G Yi 

[0:7], [xe], [X5], [xi], [X2] G X2 [xt], [xe], [X5], [xi], [X2] G Y2 

The terminology in [APT] differs from the above; they speak of reverse topological order rather 
than shelling, and the filter and ideal concepts do not occur. Quite to the contrary, we shall 
embrace poset terminology. Our aim in Section 3 is to enumerate all bisections of W^(^), an 
endeavour which will not be based upon the described shelling method. 

The remainder of Section 2 is dedicated to a technical Lemma about "abstract" involution posets 
P = (P, <) which will be invoked in the "concrete" setting of (quantified) 2-CNFs in Section 
5. Suppose P = Pi U P2 is any partition of P. As usual Pi and P2 are posets on their own 
with respect to the ordering induced by P. If moreover a(Pi) = Pi and (whence) a(P2) = P2, 
they become involution posets on their own and one may investigate in as much their individual 
bisections {Xi,Yi) respectively (^2,12) relate to the bisections {X,Y) of (P, <). 

Our specific Pi and P2 arise from any fixed antichain A C. P with a(A) = ^ as follows (see 
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Fig.3). Clearly X[ := {c e P : {3d G ^) c> d} is a filter and ¥( := {c e P : {3d e A) c < d} 
is an ideal of {P, <). They are disjoint because A is an antichain. In order to see that a maps 
X[ and Y( upon each other, pick c G X[, say c > d £ A. Then a{c) < a{d). But a{d) G A 
because of a{A) = A. Hence a(c) G Y(, and so a{X[) C Y(. Dually a{Y-[) C X[, which by the 
bijectivity of a forces a{X[) = y/ and a{Yl) = X[. Putting Pi := X[ UYluA and P2 := P\Pi 
we see that a{Pi) = Pi and a{P2) = P2- It is handy to call a map t : A ^ {0,1} admissible if 
T{a{d)) / T(d) for all d e A. 



Figure 3 





X2 




Y2 


Yi 



Lemma 1: Let A be an antichain in an involution poset {P, <) such that a{A) = A. With 
Pi,P2 and X[,Y( defined as above the following statements are equivalent for each map h : 
{P\A)^ {0,1}: 

(a) The map h is such that its extension by every admissible r yields a bisection hr of P. 

(b) h{X[) = {1} and h{Y() = {0} and h restricted to P2 is a bisection of P2. 

Proof. We first assume (a) and prove (b). Fix any c G X[. Then there is d £ A with d < c. 
Pick an admissible t : A ^ {0,1} with T{d) = 1, whence hT-{d) = 1. Because hr is a bisection, 
h{c) = hr{c) = 1. Since c was arbitrary, h{X[) = {1}. Dually h{Yl) = {0}. 

As to the claim about P2, by assumption X = hr^{l) and Y = h~^{0) constitute a filter-ideal 
split of {P, <) with a{X) = Y. Hence X2 = X n P2 and Y2 = Y n P2 are a filter-ideal split of 
(P2, <). Furthermore a{X2) = a{X D P2) = a{X) D a{P2) = Y n P2 = Y2 where the second = 
is due to the bijectivity of a. 

Conversely, suppose h : {P \ A) ^ {0)1} satisfies (b). We write {X2,Y2) for the bisection 
of (^*2,<) that is induced by h. Let r : .4 — > {0, 1} be any admissible map. Obviously 
Xi = X[U (1) is a filter and Yi = Y{ U t'^ (0) an ideal of {P, <). Upon recalling a{X[) = Y{ 
it follows that {Xi,Yi) is a bisection of (Pi, <). We put 

X := h-\l) = X1UX2 
Y := /i-i(O) = Y1UY2 
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In order to see that X is a filter of {P, <) wc pick any c £ X and d £ P with c < d and show 
by case distinction that d £ X. Indeed, if c € Xi then d G Xi C X. If c G X2 then d since 
(X2, 12) is a bisection of (P2, <)• Assuming d G Yi yields the contradiction c G li. Hence d G X. 
Dually one shows that Y is an ideal of (P, <). Finally, a(X) = a{Xx) U a(X2) = Yi U 1^2 = 
□ 



3 A simple algorithm to enumerate all models 
of a Boolean 2-CNF 

In the remainder of the article our involution poset (VF, <) will again be the condensation 
W = W{ip) of the digraph D{ijj) coupled to a Boolean 2-CNF ip. For starters, if c G and 
c = a{c) are such that c < c then call c bottom and c top. The set Ji C of all bottom elements 
is an ideal since from c G Ji and d < c follows d < c < c < d, and so d G Ji. We call Ji the 
kernel ideal of {W, <). Dually the set Fi = a{J) of all top elements is the kernel filter of {W, <). 

If JiU Fi = W then setting all literals in Ji to and all literals in Fi to 1, yields a unique 
bisection of W. If Ji UFi the above 0, 1-assignment merely is the kernel pre-bisection of W. 
In the remainder of this section we identify a natural branching whose iteration, guaranteed by 
fact (5) below, makes the kernel pre-bisection the root of a binary tree whose leaves bijectively 
correspond to the (full) bisections of W. 

In our toy example W' we have -Pi = {[a^s], [a;?]} and Ji = {[^5], [xi]}, which feature on the left 
in Table 1. A don't care symbol 2 in a row of Table 1 means that this entry is free to be 1 or 0. 
Thus the top row r in Table 1 comprises 64 bitstrings among which all (yet unknown) bisections 
of W. We shall proceed by switching the 2's of r and subsequent rows to 1 and in appropriate 
ways. For instance, turning [xi] 1 in r forces [xi] ^ 0, and the resulting row ri C r comprises 
(among a lot of waste) all bisections with [xi] >-). 1. Similarly r2 C r comprises all bisections 
with [xi] !->■ 0; because of (a') they necessarily have [0:2], [xq] 0. Thus no bisections have been 
lost, and by the same reason no bisections will ever be lost as we continue to shrink ri,r2 and 
so forth. 

Before we continue we need to secure the ground. For any element c G let c J, and c f be 
the generated ideal and filter respectively. If in some row a don't care symbol 2 is switched to 

and 1, yielding rows r' and r" respectively, then all r'-components indexed by elements from 
c 4, must be 0, and all /'-components indexed by elements from c '[ must be 1. This raises the 
question of whether c 4 (similarly c t) avoids complementary elements d and d. No, generally 
not: [xs] I in Figure 2 contains both [xi] and [xi]. Fortunately, the following is true: 

(5) For each 2-CNF problem the capped condensation poset Wi := W\(JiL)Fi) does neither 
contain configurations d,d < c nor c < d,d. 

Indeed, from say c < d,d follows d,d <c, and so c < c, which contradicts c ^ Ji . This proves 
(5). 

For any chosen c G Wi the posets Wi \ (c t) and Wi \ (c 4) a fortiori avoid said configurations, 
and so one can keep on switching symbols 2 to 0, 1 until Wi is exhausted. 
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Continuing with the toy example recall that in Table 1 row r (which, up to the constant left 
part (1, 1,0,0), is the powerset of Wi) has already been shrunk to n and r2. The set {ri,r2}, 
generally the set of "pending" rows, constitutes our working stack. Always its top row r* is 
picked, and either finalized and removed, or r* splits into two sons which replace r* on top of 
the working stack. This is the well known "last in, first out" (LIFO) principle, which in obvious 
ways gives rise to a binary tree (i.e. each non-leaf has exactly two sons). 

Taking the top row ri and turning (say) [x2\ to 1 respectively yields and r4. The top row 
happens to be finalized (i.e. is a bisection). It is removed from the working stack and the modeQ 
{xi, X2, X3, xs, xg} obtained by unpacking the strong components is stored elsewhere. Now the 
new working stack is {r4,r2}. After gets split in and rg (by pinning [rcg] = 2 to 1 and 0), 
all rows of the working stack {r5,r6,r2} are bisections. (Notice that upon setting [xg] i— t- in 
r4 one finds the other elements [^2] and [xi] of [xg] \, set to already. This is no incidence; had 
one of them previously been set to 1 then [xg], being in the generated filter, would have been 
set to 1.) It follows that ij:' has exactly four models. 





[^5] 


[^7] 


[^5] 


[^7] 


[^1] 


[^2] 




[xi] 


[^2] 
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{xi,X2,X3,X5,Xg} 


r4 = 
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1 
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1 
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r2 = 
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1 
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n = 


1 


1 








1 





1 





1 





{xi,X3,X5,Xg} 


re = 
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1 








1 











1 


1 


{xi,X3,X5} 


r2 = 


1 


1 














1 


1 


1 





{x4,X5,Xg} 



Table 1 



Theorem 2: The described algorithm produces the models of a 2- CNF formula with n 
variables in time 0{n^ + Nn). 



Proof. From the 2-CNF instance ijj one calculates the ty-element condensation (W, <) of D(ip) 
in time 0{n). If there is a strong component K G W with Xj,Xj G K then the 2-CNF is 
not satisfiable. Otherwise proceed to calculate the kernel ideal Ji and kernel filter Fi, and let 
Wi := W \ (Ji U Fi) be the capped condensation. Further calculate c t) c i C Wi for all 
cGWi. All of this costs 0{w'^). 

*For brevity we here identify a model with the set of positive literals of truth value 1. 
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The powerset of Wi is written as a row (2, 2, • • • , 2) whose components are indexed in any fixed 
order by the elements of Wi. Initially the working stack's sole row is (2, 2, • • • , 2), and generally 
its top row r is treated as follows. If twos(r) ^ 0, choose any c G twos(r) and replace r by two 
rows ri and ro which are put on top of the working stack and defined as follows: 

ones(ri) = ones(r) U (c t) 

zeros(ri) = zeros(r) U a{c t) 

twos(ri) = Wi \ (ones(ri) U zeros(ri)) 

zeros(ro) = zeros(r) U (c 4-) 

ones(ro) = ones(r) U a{c 4) 

twos(ro) = Wi \ (zeros(ro) U ones(ro)) 

By induction r is such that ones(r) and zeros(r) is a disjoint filter-ideal pair, none of them 
containing any set {d,d}. This property (in view of (5)) carries over to ro and ri. It follows 
that treating a non-final top row r (i.e. replacing it by ro,ri) costs 0{w). 

If twos(r) = 0, then oncs(r) U zcros(r) = Wi and so (ones(r) U Fi) i— t- 1, (zeros(r) U Ji) i— t- 
is a bisection g of W. After the unique model {xi, ■ ■ ■ ,Xn} — > {0, 1} encoded by r is stored 
elsewhere, the final row r evaporates from the working stack. That costs 0{n). 

There are N final rows and (due to the underlying binary tree) exactly A'' — 1 non- final rows. It 
follows that the total cost is 0{n + w'^ + Nw + Nn) = 0{n'^ + Nn), in view of w < 2n. □ 



4 Some loose ends 



This is about three mutually unrelated topics, but all of them related to Theorem 2. 

4.1. Let ^ be a 2-CNF and C ^(-0) any nonvoid subset. A partial V^-modeloi ^ is a function 
/* : K ^ {0, 1} which is extendible to a model / : V{ijj) {0, 1} of ■)/'• 



Corollary 3: Let i/j he a, 2-CNF with n variables and K C y(^/') be fixed. Then the N 
partial V*-models of tp can be produced in time 0{n^ + Nn). 



Proof. Put = {[n] : u G K}. Instead of exhausting IF \ ( Ji U Fi) as in the previous proof, 
merely exhaust W^: \ ( Ji U Fi) by picking components 2 with indices from that set in arbitrary 
order, and turning 2 to 0, 1 as seen. ■ 

4.2 For any graph G let i^(G) be the size of a maximum matching and t{G) the size of a 
minimum vertex cover. Always i^(G) < t{G) and the graph is said to have the Kong property 
if iy(G) = t(G). All (inclusion) minimal vertex covers, being the complements of the maximal 
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anticliques, are enumerable in output-polynomial time [JYP]. As to minimum vertex covers 
(say of cardinality k), one can show [Fe] that they are enumerable in time 0{2^k'^ + kn) where 
n = \ V{G)\. That goes under the name fixed-parameter-tractable but is not to be confused with 
output-polynomial time. Concerning the latter, the only known result apart from Corollary 4 
below seems to be [KMNF] , i.e. the enumerability of all N minimum vertex covers of a n- vertex 
bipartite graph in time 0{n^'^ + A^). We note that each bipartite graph has the Konig property 
but usually not a perfect matching. 

Coming back to Boolean 2-CNF's tp with variables xi, • • • • • • ,x„ it is natural (a priori 

more natural than -D(V')) to consider what Feder call^the compatability graph G{'4)). Its vertices 
are these 2n variables and its edges correspond to the clauses u\/ v appearing in ip; with the 
understanding that all edges {xi,Xi} {I < i < n) are present as well. In particular G{ip) has a 
perfect matching. 



Corollary 4: 

(a) The graph G{ip) has the Konig-property if and only if ip is satisfiable. 

(b) Let G be any graph that has a perfect matching and satisfies the Konig property. Then 
its minimum vertex covers can be enumerated in time 0{n? + A^n). 



Proof. As to (a), suppose / : {xi, ■ ■ ■ — )• {0, 1} is a satisfying t.v. assignment for ip. Then 
all clauses are satisfied, and so 



is a vertex cover of G{'ip). Since U = U{f) contains exactly one vertex of each edge {xi,Xi}, it 
follows from t{G) < \U\ = n and y{G) = n that G{'ip) has the Konig property. 

Conversely, suppose that G{ip) has the Konig property, and let U be any vertex cover with 
\U\ = n. Being a vertex cover U intersects all edges {xi,Xi}, but it cannot contain any of these 
because of |?7| = n. Therefore 



is well defined. Further fjj is a satisfying t.v. assignment for -0 since U hits all clauses of ip. 

As to (b), assign the Boolean variables xi, • • • , XnXi, ■ ■ ■ ,Xn in such a way to the 2n vertices of 
G that {{xi,Xi} : 1 < 2 < n} is some perfect matching of G. If ^p is defined as the 2-CNF whose 
clauses match the edges of G, then G ~ G{'ip). It easily follows from (a) that the minimum vertex 
covers of G bijectively correspond to the satisfying t.v. assignments of ip. The 0{n'^ -\- Nn) claim 
follows thus from Theorem 2. □ 

^ Other authors call it the constraint graph. Rather than sticking with G{ip), Feder goes on to add edges 
{u,v} to G{ip) whenever {u,Xi} and {xi,v} are present, until saturation. The resulting graph RC{'tp) he calls 
the resolution closure and shows in [F. p. 308] that the models of ?/j correspond to those minimal (as opposed to 
minimum) vertex covers of RC{xp) that do not contain any edge {xiXi}. (The part "that do not ..." is omitted 
in the statement but is implicitely used in its proof.) 



U{f) 



{xi : f{xi) = 1} U {xi : f{xi) = 0} 
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4.3. It is clear that the bisections, restricted to Wi, are exactly those bitstrings g : Wi — >■ {0, 1} 
that satisfy these constraints (where c ranges over Wi): 



9{c) 


= 1 


5(ct) 


{1} 


(1, l)-implication 


9{c) 


= 1 


g{a{c-[)) = 


{0} 


(1, 0)-quasi-implication 


9{c) 


= ^ 


5(c|) = 


{0} 


(0, 0)-quasi-implication 


9{c) 


= 


g{a{ci)) = 


{1} 


(0, l)-quasi-implication 



Only type (1, 1) is an implication in the sense of propositional logic; the others could be called 
quasi-implications. Type (1,1) essentially is "the same" as type (0,0), and ditto for (1,0) and 
(0, 1). Type (1, 1) is used in [W] to generate all fc-element order ideals (fc-fixed) of an arbitrary 
poset. Notice that in our situation all order ideals Y C W{il)) have |y| = k = ^\W\ in view of 
a{X) = Y. Unfortunately the converse fails: Prom \Y\ = k doesn't follow a{X) = Y, and so 
the algorithm of [W] is not directly applicable to enumerate all 2- CNF models. Besides (1,1) 
the individual algorithmic treatment of types (1,0), (0,0), (0, 1) and their duals is also touched 
upon in [W]. There likely are other scenarios that feature several types of quasi-implications 
simultaneously. 



5 The quantified case 

Let -0 = ■0(3^1) • • • ) Xn) be any Boolean formula and let 

(6) a = {Q1X1Q2X2 ■ ■ ■ QnXn)'^ 

be a quantification of it, i.e. each Qi is either El or V. As a warm up, take as x -fr^ {y A z) and 
put 

n := (3y)(Vx)(32;)V; 
T2 := {3y)iyx){yz)tp 
n := (3y)(3z)(Vx)V 

Then ti is true, but switching the quantifier 3z to Vz yields the false T2. Also switching in ti the 
order (Vx)(3z) to (3z)(Va;) yields the false t^. Yet in all three cases Mod('i/') of course consists 
of the same four satisfying t.v. assignments / : {x, y, z} — )• {0, 1}. 

Besides the (sometimes clumsy) inductive definition one often defines the truth of a in terms 
of a game between two players (quoting from [C]): A universal player that sets the universally 
quantified variables, and an existential player that sets the existentially quantified variables. 
Variables are set in the order dictated by the quantifier prefix, and the existential player is said 
to win if, after the variables have been set, the conjunction of constraints is true. The formula 
is true if and only if the existential player can always win, no matter how the universal player 
sets the universally quantified variables. 
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A novel criterion for the truth of a general a will be presented later. 

Let now V be a Boolean 2-CNF. Following [APT] call a vertex m G {xi,Xi} universal if the 
corresponding variable Xj is quantified by V, and existential otherwise. (Section 3 matches the 
case where all vertices are existential.) Let V = Vu D Ve where Vu and Ve are the sets of 
universal and existential vertices respectively. Call a strong component (SC) of D{ip) contingent 
if it contains a universal vertex. In general a is true if and only if besides 3(i) the following 
conditions hold [APT, Theorem 2]: 

3(ii) Each contingent strong component c has a unique universal vertex Ui and the remaining 
existential vertices Uj E c are such that j > i. 

3(iii) The contingent strong components constitute an antichain A in the condensation (W, <) 
of L>(V'). 

Notice that a{A) = ^ by the definition of contingent. Let us convince ourselves of the necessity 
of stated conditions. The truth of a entails that Ui — > vj cannot be satisfied when n, and vj are 
distinct universal vertices. It follows that 3(iii) is necessary and that each SC has at most one 
universal vertex Ui. Say Ui = Xi and say the same SC contains an existential vertex Uj = Xj with 
j < i. Then a logical consequence of a is that ^XjMxiixi •(-)• Xj). This being false (as opposed to 
i > i which yields Mxi^Xjixi o Xj)) establishes the necessity of 3(ii). 

In [APT] the sufficiency of 3(ii) and 3(iii) is shown by a somewhat confusing six step algorithm 
with many Go to's that (to quote) marks the strong components in a way that verifies the truth 
of a. What also raises eyebrows is that the end of the argument can be misunderstood to rely 
on one specific t.v. assignment that satisfies if). In this section we aspire to give a watertight 
argument of why a is true. 

For the time being ip in (6) is a general Boolean formula. The idea is to define the a-twisting 
of Modhp) not as a set of functions / : {xi, • • • , x„} — )■ {0, 1}, but as the set Mod(V', o') of all 
ordere(f\ bitstrings (ai, • • • , «„) with tpiai, • • • , an) = 1- Furthermore the components aj that 
belong to universal variables Xi must be identified somehow (e.g. by writing them boldface as 
in the example below). Mod{'ip,a) is equicardinal to Mod(V') but whereas the satisfiability of ip 
amounts to Mod(^/^) 7^ 0, the truth of a will amount to a more subtle property of Mod{ip, a). 

Namely, for a and ^p as in (6), to call a subset S oiMod{ip, a) saturatedii for all (ai, 02, , • " " > cen) G 
S and all j S {0, 1, • • • , n — 1} the following holds: Let /3i, • • • , /3s E {oj+i, • • • , an} be the values 
of the universal variables among Xj+i, . . . , Xn- Thus pictorially (ai, • • • , an) is 

(7) {ai,---,aj,*---*,(3i,*---*,f32,* ■■■ *,f3„*---*). 

Then, provided s > 1, for any 71, • • • , 7s S {0, 1} the set S must contain a member of type 

(8) {au---,aj, Ji,#---#,J2,# ■■■ #,7s, #•••#)• 

Notice that the values of some * may change upon switching from (7) to (8), hence the notation 
^ in (8). A saturated subset S C Mod{^p,a) a bit resembles a subdirect product in that 

"'■The order must match the quantification (Qixi) ■ ■ ■ (QnXn), but it is of course irrelevant in which order the 
variables occur in tp. In fact the notation = i'{xi, . . . , x„) may even be confusing. 
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for certain special positions i G [n] each choice of component 7^ is supported by a suitable 
bitstring; in fact the special positions can be varied simultaneously. To fix ideas, with ti,T2,T3 
as previously defined we have 

Mod(V',ri) = {(1,1,1), (1,0,0), (0,0,1), (0,0,0)} 
Mod(V',r2) = {(1,1,1), (1,0,0), (0,0,1), (0,0,0)} 

Mod(V',r3) = {(1,1,1), (1,0,0), (0,1,0), (0,0,0)} 

The whole of Mod('0, ri) is not saturated but it contains the saturated subset S = {(1, 1, 1), (1, 0, 0)}. 
Neither Mod(^, r2) nor Mod{ilj , T3) contain saturated subsets. 



Theorem 5: A quantified Boolean formula a of type (6) is true if and only if Mod{'tp, a) 
contains a nonempty saturated subset. 



Proof. We use induction on the number n of quantified variables. Let n = 1 and consider first 

Qi = V, so fj is (Va;i)'0(xi). If Mod(^/', a) contains a nonempty saturated subset S, then neces- 
sarily S = {0, 1} = Mod(V', o"), whence V'(O) ^iid V-'(l) are true, whence a is true. Conversely if 
(7 is true, Mod{tp,a) contains the saturated subset S = {0, 1}. Suppose a is {3xi)ip{xi). Since 
there are no universal variables to be handled, each subset of Mod('0, a) is saturated. There 
exsits a nonempty subset if and only if a is true. 

Next let n > 1 and consider 

a := {yXi){Q2X2) ■ ■ ■ iQnXn)'(p{xi,X2, ■■■ ,Xn) 

(the case where V is switched with 3 is similar and will be omitted). Suppose that 5 is a nonempty 
saturated subset of Mod{ip, cr). Putting ^"0(2^1, • • • , Xn) := ip{0, xi, • • • , x„) and tpi{x2, ■ ■ ■ , Xn) ■= 
V'(l, X2, • • • , Xn) the truth of a will follow from the truth of 

(70 := {Q2X2) ■ ■ ■ {QnXn)'^o{x2, ■■■,Xn) 

and 

0"1 := iQ2X2) ■ ■ ■ iQnXn)lpl{x2, ■ ■ , Xn)- 

Since 5/0, there is (cEi, 02, • ' ' > Q^n) £ S, say {0,a2, ■ ■ - an)- By saturation there also is a 
bitstring (1, a'2, • • • , a'J € S. It follows that := {{a2, • • • , ctn) G {0, 1}"^^ : (0, 02, • • • , «n) G 
S} is a nonempty saturated subset of Mod(V'0; ctq)- Similarly Si := {(a2, • • • , an) G {0, 1}"~^ : 
(1, 02, • • • , an) G 5} is a nonempty saturated subset of Mod(V'i, o"i). Hence by induction both 
cjo and (Ji are true. Conversely, suppose a is true. Then do and ai are true, and by induction 
there exist nonempty saturated subsets Sq C Mod{ijj,ao) and C Mod{ijji,ai). It is easily 
seen that 

{(0,a2, • • • ,«„) : ("2, • • • ,"n) e So} U {(1, 02, • • • , a^) : (02, • • • , «„) e ^i} 
is a nonempty saturated subset of Mod(^, a). □ 

It is clear that the definition of Mod(V', cr) and Theorem 5 extend to quantified constraint 
satisfaction problems, i.e. having domain D with \D\ > 2. 
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We now assume that the '0 in a is a 2-CNF and that conditions 3(i), 3(ii), 3(iii) are satisfied. 
It suffices to show that some suitably defined subset S C Mod(^, a) is saturated. As to the 
definition of S, some preliminaries are in order. Since a{A) = A the antichain A triggers a 
partition W = Pi D P2 into involution subposets Pi,P2 as in Section 2. Further let X[,Y( be 
as in Section 2, and let {X2,Y2) be an arbitrary bisection of {P2, <) (putting X2 = Y2 = (f) if 
P2 = (f>)- With t = ^\A\ let ii < i2 <■■■< it be the indices of the universal variables among 
{xi,---,Xn}- If say [xQ <= A is [xi^] = {xi2,XQ,X8,xi3} (and so [xjj G ^ is {xi^, xq,X8, X13}) 
we put AP°''[i2] := {12, 6, 8, 13}. Let A^"^ = ^P°'^[ii] U • ■ ■ U ^P°'^[it]. 

Now we arc in a position to present S. By definition a bitstring (ai, • • • «„) G {0, 1}" belongs 
to S if and only if: 

9(i) For all 1 < S <t and all j, k G .4p°®[z5] one has aj = a^. 

9(ii) For all j G [n] \ ^p"*^ one has aj = 1 if [xj] G X( U X2 and aj = if [xj\ G ¥{ U Y2. 

Verifying that each (ai, • • • , a„) G 5 is indeed a model of if) amounts to check that 

X := {[xi] : a, = 1} U {[xi] : = 0} 

and Y = W \ X constitute a bisection of W . But X is X( U X2 augmented by the elements 
[xi^] G A with ai^ = 1, and Y is Y"/ U Y2 augmented by the elements [a;^^] G A with = 0. By 
Lemma 1 {X, Y) is indeed a bisection of W. 

In order to see that S is saturated take any (ai, • • • , a„) G fix j G {0, 1, . . . , n}, and display 
(ai, • • • , an) as in (7). Given arbitrary 71, • • • ,7s G {0, 1} we need to substitute the j3iS by the 
7i's, adjust appropriate values of the components *, and again wind up with an element of S. 
Specifically fix is at position it-s+i and ^2 at position it-s+2 and so forth up to j3s at position 
it- Our task is achievable because if k is any index in say ^p°^ [it-s+2] then k > it-s+2 by 3(ii). 
Therefore a^ is one of the components * which can be changed (namely to the value of 72), and 
not one of ai,a2, ■ ■ ■ ,C(j that must stay fixed. Obviously the changed bitstring still satisfies 9(i) 
and 9(ii). 

In a way the winning strategy definition (beginning of Section 5) is dual to the a-twisting defini- 
tion: It looks to the left of each existential quantifier whereas we look to the right. Our definition 
may have the additional benefit of being based more directly upon the set Mod(i/7). Anyway, it 
provided a correct and fairly pedestrian argument for the tractability of QUANTIFIED 2-SAT 
claimed in [APT]. It seems that a watertight (though not pedestrian) argument for QUANTI- 
FIED 2-SAT was first given by Dalmau [D]. We note that it is also implied by Theorem 4.9 in 
[Cj. 
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